Abstract. Let Y K → X K be a ramified cyclic covering of curves, where K is a cyclotomic field. In this work we study the p-rank of the reduction mod p of a model of the Jacobian of Y K . In this way, we obtain counterparts of the Deuring polynomial, defined for elliptic curves, for genus greater than one. To carry out this study we use the relationship between Jacobi sums and L-functions. This is established in [W] for the case of Fermat curves. 5. Jacobi sums 13
Dirichlet L-series. In this work, we use geometric methods to achieve these results.
The second part of this article addresses the p-rank of Pic 0 Yp . We say that an abelian variety, A, defined over F p , is supersingular when A is isogenous to a product of supersingular elliptic curves. Equivalently, A is supersingular when the eigenvalues of the Frobenius morphism F p are ζ · q 1/2 , ζ being a root of the unity.
Let us denote by [ ]. By using properties of Jacobi sums we prove that if p splits completely in Z[ǫ m ,
1 m·n ] and there exists t ∈ {1, · · · , m − 1} with
Then the Jacobian of Y p is not a supersingular abelian variety.
Let [p] be the multiplication by p on Pic ) with 1 ≤ l ≤ d − 2, respectively. In [Bo, 5] the generalized Hasse-witt matrix it is obtained explicitly, and hence the equations to study the p-rank of Pic We also study when Y p has p-rank 0 in the case of p splitting completely
In [Bo] the Hasse-Witt invariants of Y p are studied and calculated.
These invariants give an upper bound for the p-rank of Y p . It is showed that for p large and x 0 , · · · , x d generic points, this upper bound is equal to the p-rank. In [E] , for X p = P 1 , the author gives bounds for the p-rank of Y p . In [G] the Hasse-Witt matrix is calculated to show that for the Fermat curves there exists a set of primes p with positive density such that the Fermat curves (mod p) are not supersingular but their p-rank is 0. The dimension of the moduli of hyperelliptic curves with fixed p-rank is obtained in [GlP] . For Fermat curves in [N] the supersingularity of these curves is studied. In [Y] The p-rank of a hyperelliptic curve is given by the rank of the Cartier-Manin matrix.
Cyclic extensions
We now give some general notation that we shall use along this work.
Let s be a global section of a line bundle L on X p . We also denote by
O Xp denotes the sheaf of rings associated with X p .
We denote by E and m the effective divisor x 0 + · · · + x d on X p and the ideal associated with E inside O Xp , respectively.
we denote by χ p (z) the unique m-root of the unity such that χ p (z) = z 
Let π be the natural epimorphism O Xp → O Xp /m. We shall use the term (projective) space of m-sections of a level structure (L, ι m ),
The effective m-equivalent divisors associated with (L, ι m ) are given by the zero locus of the m-sections
We denote by I T , I 0 T and O × T the ideles, ideles of degree 0 and integer ideles on Σ Xp outside T , respectively.
We consider the p h -Frobenius morphism, F p , and the Lang isogeny
Xp,m . By class field theory for function fields over finite fields, [S, VI, n11 , Proposition 9; VI, n6, Proposition 6 and VI, n1, Proposition 11], we have that P −1 (X p \ T ) gives the m-ray class field H m for Σ Xp . It is a Galois extension with Galois group isomorphic to Pic
This group is the group of the m-equivalence classes of divisors on X p supported outside T .
Therefore, the cyclic extension Σ Yp /Σ Xp of Galois group Z/m, where
, gives an epimorphism of groups
This morphism is given by the Artin map [S, VI, n29, Théorème 9] ( , Σ Yp /Σ Xp ) :
If ν 1 is the idele class of degree 1 associated with the divisor D 1 , then
By noting that the residual fields k(x i ), (i = 0, · · · , d), are isomorphic to k(p), the morphism of forgetting the level structure, (L, ι m ) → L, gives the exact sequence of schemes in groups
Xp → 1 and thus we have an injective morphism of groups,
Note that we have an isomorphism
and therefore we can assume that z 0 = 1.
L-functions
This section is devoted to studying certain incomplete L-functions of the curve X p over k(p), we follow [A] and [T] . The action of G over
The sum is over all characters of G := Z/m. In this section we shall calculate the characteristic polynomial of F p as an endomorphism of
Let F x be the Frobenius element, with x ∈ |X p | \ T . We consider it as an element of the Galois group,
, of the ray class field H m /Σ Xp . Let t x be a local parameter for x. We have that Let D = n 1 · y 1 + · · · + n r · y r be a divisor on X p with support outside T , with t y i local parameters for y i , (i = 1, · · · , r). We define
Similar to [A] 4.1.1, we can compute this L-function in terms of G m :
where the sum is over all effective divisors D on X p with support outside
Note that if (L, ι m ) is a level structure associated with
Let y be a geometric point of X p . We denote by f (y) the value of f within the residual field k(y) ⊂ F.
By [T, 3 .5], we have that this polynomial is equal to
where χ f is defined in section 2 and the sum is over all effective divisors
where F p is considered as an endomorphism of the Q l -vector space
Note that the action of G commutes with the action of the Frobenuis morphism over the variety Pic 0 Yp , in this way, the Frobenius morphism stabilizes the eigen spaces,
In the following Remark we set the connection of the two following sections with [D] .
The term ǫ(χ f , t) is a "constant" function studied in [D] . By the Grothendieck theory, these L-functions are given by characteristic polynomials of the Frobenius endomorphism acting on
way the above functional equation is given, (c.f. [D, 10.3 .5]), by
Fp (0) is calculated in terms of Gauss sums in [D, Section 5] and by Jacobi sums for g = 0 and d = 2 in [W] . In the two following sections, by using a different point of view to that of [D] , we have that P χ f Fp (0) is given by Jacobi sums.
The constant term of
In this section, we shall calculate P χ f Fp (0). This means, by (*), calculating
We shall calculate L m (N, 2g + d − 1) for each [N] ∈ G m . Let κ be a divisor of degree 2g − 2 associated with the canonical sheaf of X p . We have two cases for the cardinal
in the other case.
we obtain the exact sequence of vector spaces
Thus, we have an isomorphism of F p h -vector spaces
and we obtain a section s :
.
We now study the case when L ≃ O Xp (κ + E).
We denote by π x 0 the surjective morphism of modules O Xp /m → O Xp /m x 0 , with m x 0 the maximal ideal associated with x 0 . We denote
We shall study when a level structure (L, ι m ), with L a line bundle isomorphic to O Xp (κ + E), has an m-section. 
Because L is of degree 2g + d − 1, we can obtain an effective divisor, D, with support outside x 0 such that L is isomorphic to O Xp (D) . We consider a D linearly equivalent to κ + E, with x 0 / ∈ sup(D), and we
We denote by E ′ the divisor
Proposition 4.2. We have isomorphisms of vector spaces
Proof. The first isomorphism is a consequence of the equality
Because of the Riemann-Roch Theorem H 1 (X p , L(−E ′ )) = 0, and thus from H 0 (ι m ′ ) we obtain the second isomorphism. The last assertion follows because x 0 ∈ sup(E).
We denote the composition of these two isomorphisms by [ι m ′ ].
We now choose an m ′ -level structure for L, (L, ι ′ ). We consider the
By considering the standard basis for the
Since deg(L) = 2g + d − 1 and
we have that for 1
Lemma 4.3. By using the above notations,
and only if ω(z −1 ) = 1.
Proof. If there exists a section s of L such that the diagram
is commutative, where π ′ is the natural epimorphism, then we have that the class of the section
Moreover, since the diagram
must also be commutative, we have that H 0 (ι x 0 )(s) = 1. Thus,
Reciprocally, it suffices to consider a section s of L within the class
We denote by M a divisor of degree 0 with support outside T such that the m-level structure associated with M + (2g
, and we recall that σ M is the element of the Galois group of the extension H m /Σ Xp given, via the Artin symbol, by
Lemma 4.4. We have
Proof. To prove the Lemma, we bear in mind that the set of classes of level structures for the line bundle
is given by {η(z
and Lemmas 4.1 and 4.3.
Jacobi sums
In the first part of this section we follow [W] . Let us consider
We consider the Jacobi sum
with a := (a 1 , · · · , a d ). The positive integers a 1 , · · · , a d are defined in the introduction. We denote
The map p → J (a) (p) defines a Hecke character for the cyclotomic field K and the ideal generated by Theorem 1. We have
Proof. Bearing in mind the end of Section 2, one can consider z :=
We have that for µ ∈ k(p)
therefore the sum over all µ ∈ k(p) × of the above sum is 0, because a 1 + · · · + a d = 0 mod m, and thus, together with Lemma 4.4 we obtain
Since the set of classes of level structures for the line bundle associated with M is given by {η(z
and we conclude by the equality ( * * ).
Remark 5.1. In this Remark we use the formula (*) written in section 3.
We have det(F p ) = (−1)
Thus, by [W] and Theorem 1
with p ∈ Spec(A), gives a Hecke character for K.
We now include a formula that relates χ f , χ p , values over divisors X p of elements of Σ Xp and Jacobi sums.
We have the equality,
where the sum is over all the effective divisors on X p with support outside T . Therefore, from Theorem 1 we deduce the formula
We have defined f (D) at the end of the section 3.
For example, let X be a proper, smooth model for the elliptic curve
], m = 3. We have that div(y) = −3 · ∞ + (0, 0) + (1, 0) + (λ, 0) and a = (−3, 1, 1, 1), thus
where the sum is over all effective divisors D on the elliptic curve, X p , with support outside T := {∞, (0, 0), (1, 0), (λ, 0)}.
The p-rank of Jacobians
Let W, S be proper, smooth and geometrically irreducible curves over In the following Proposition we remember a known result. We consider F q , the q-Frobenius morphism, as a Q l -linear application over the Let χ be a non-trivial character of G. We denote by
the characteristic polynomial of F q as Q l (ǫ m )-endomorphism over the
χ , and by p 0 (t) the characteristic poly-
Proof. By Proposition 6.2, F ] generated by the
. Thus, by using [W] (8), (9) this ideal is (q g · p θ(a) ) with θ(a) : 2) Since g = 0, the ideal P with n v = 0 for some v. We conclude because if Y p has p-rank 0, then
Lemma 6.4. We have that Y p has p-rank 0 if and only if X p has p-rank
Proof. This follows from Proposition 6.2, bearing in mind that the characteristic polynomial of the p h -Frobenius morphism, considered as 
2)We now assume g = 0 and that
have that Y p has p-rank 0 if and only if
Note that in this case
Proof. 1) From (*) section 3, we have
We conclude by using the Lemma 6.4 and the fact that by Theorem 1,
Note that in the case of p being inert in Z[ǫ m ,
Fp (t)) = 0 mod p, for each j with 1 ≤ j ≤ m − 1, if and only if P χ f Fp (t) = 0 mod p. 2) One proceeds in the same way as 1). Bearing in mind that g = 0 and that
and {σ j } 1≤j≤m−1 operates transitively on p 1 , · · · , p b .
In the next Corollary, by using part 1) of this Theorem we obtain counterparts to the Deuring polynomial for genus greater than 1. In [Bo, 5] , it is obtained, explicitly, the generalized Hasse-Witt matrix for Y p and the author thus obtained equations to study the p-rank of Y p .
We consider the curves defined over Z[ǫ m , Proof. It suffices to consider in Theorem 3 that X p = P 1 , T := (x · (x − 1) · (x − α 1 ) · · · (x − α d−2 )) 0 ∪ {∞} and also to consider that the effective divisors of degree l on Spec(F p m−1 [x] ) are given by the zero locus of monic polynomials q(x) of degree l. To conclude it suffices bear in mind that if div(q(x)) = i n i · y i − l · ∞, then f (div(q(x))) = i f (y i ) n i · f (∞) −l . By the Weil's reciprocity law, we have
Note that q(x) and f (x) are monic polynomials and thus q deg(q(x)) f −l (∞) = 1. Moreover, it is not necessary to impose to q(x) that q(0) · q(1) · q(α 1 ) · · · q(α d−2 ) = 0 because in the above sum these terms are 0.
We set π the genus of Y p . By [A] 4.1.1, we have that the zeta function for Y p is:
( 1 Now, the system of equations of this corollary is a system on F p m−1 with d − 2 variables and d − 2 − (g − 1) equations. In [GlP] it is shown that the moduli space of hyperelliptic curves with p-rank 0 is π − 1.
The hyperelliptic curve defined over F p We are now going to prove that these equations match the equations below (1) and (2). Equation (1) 
